Abstract. A difference equation corresponding to a certain partial differential equation leads to a "Pascal type" triangle. The entries of a row of this triangle can be regarded as coefficients of a polynomial; the sequence of these polynomials is studied, together with its generating function and related polynomials. The entries of a more general class of number triangles are explicitly determined, as well as asymptotic expressions for the columns of the triangles. Chebyshev and Gegenhauer polynomials, as well as hypergeometric functions are used in the proofs.
If we change this into a difference equation, we get 2u(x, + 1) u(x 1, t) + u(x, t) + u(x + 1, t) u(x, 1).
This suggests the "Pascal type" triangle (after normalizing) it is clear that the fn(z) are polynomials of degree 2n, and their coefficients are the rows of the triangle (1.1).
More generally, let u > 1 / 2 and A be real parameters. We expand Ga'(z,t):=(1-(l+z+z2)t+Az2t2)-= Z fa,'(z) t".
rl:0
If we compare this with the generating function
(1-2zt + t2) ' , C(2)t n=0 for the ultraspherical (Gegenhauer) polynomials C,(z), we find (1 2) f.'(z)=A"/-z"C( The main purpose of this paper is to study the coefficients C,,,k. We derive the following explicit and asymptotic expressions. THEOREM 1. Gx"( z,t)=l_(a_l)z+{(A_l)a+(l_2A)+Aa-}z2=a E g(a)z"
We have g (a) 1, g (a) a 1, and
gn+(a) (a 1){g(a)+ (Aa-' + 1 A )g_(a)}. In 2 we find explicit expressions for the zeros of the f'(z) and the g'(a) for all values of A. In 3-5, Theorems and 2 are proved, and 6 contains some further remarks and generalizations. By taking z--p(x)/2x/q(x) we get the following lemma. LEMMA 1. Let p(x) and q(x) be arbitrary functions, and define the sequence V,(
recursively by Vo(x) 1, V(x) p(x), and
To find the zeros of g(a), we take p(a):=a-1 and -(a-1)(Aa-+l-A). With and with (3.1) we obtain
The theorem now follows if we compare the last equation with (1.4) and note that the product of the two binomial coefficients in the last line is equal to that in Theorem 1.
4. Lemmas. We can rewrite Theorem 1 in the form The contribution from the first two terms of h(t) is the same as in (5.14), with A =z. See, e.g., [5, Thm. 8.4] . (2) The sum of the elements of the nth row in the triangle (1.5) is easy to determine.
Since the C,I are the coefficients off,'(z), this sum is in factf,'(1). Now (1.2) implies f'(1 (x/-)'C , (3/2v/). this is the analogue to (1.6). No attempt has been made to determine the C( n) explicitly or asymptotically. However, it is easy to derive the sums of the elements in the rows of the triangle generated by (6.5). In analogy to and as a generalization of (6.1) we obtain Q, (1) x/(Zrn + 1)2-4h {(2rn+l+x/(2rn+l)2-4h)
"+'
(2rn+l-x/(2rn+l)Z-4h)"+'} 2 2 For h =< (2m + 1 )2/4, Qn( is positive for all n, and for h > (2rn + 1)2/4 it is an alternating sequence.
(4) K. B. Stolarsky [4] recently studied the recurrence po(X)= 1, pl(x)=x, and p.(x) x"p._(x-)+p._z(X).
He showed that for n _-> 0 pzn+l(X)-'xf+l(X) (in our notation), i.e., the p2,+(x) are self-inverse polynomials, or in other words, the coefficients are "centrally symmetric." However, it is easy to see that the p2,(x) do not have this property; in fact, it is shown in [4] that the coefficients of Pzn(X) are "strongly noncentrally symmetric."
